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Abstract

This paper surveys recent advances in enhanc-
ing the generalization capabilities of Trans-
former models in algorithmic tasks, marking
a shift from pattern recognition to algorithmic
reasoning. We introduce a comprehensive tax-
onomy that differentiates between length gener-
alization -—- the ability to extend fixed compu-
tational procedures to longer inputs –— and
compositional generalization, where models
dynamically assemble learned subroutines to
solve more complex problems. Our review cov-
ers key techniques that improve Transformer
performance on arithmetic tasks, such as inte-
ger addition, by leveraging innovative data for-
matting strategies (including reversed formats,
index hints, random space augmentation, and
zero-padding) alongside advanced positional
encoding methods (e.g., absolute, additive rel-
ative, position coupling, and randomized en-
codings). At the end, this paper outlines the
present challenges and highlights possible fu-
ture directions for research and development.

1 Introduction
Transformer models have revolutionized various
fields, including natural language processing (Liu
et al., 2023), computer vision (Dosovitskiy et al.,
2020), and even protein folding (Jumper et al.,
2021). Their impressive ability to learn complex
patterns has driven progress in areas such as ma-
chine translation, text summarization, and question-
answering. Furthermore, Transformers are profi-
cient in complex tasks like mathematical reasoning,
code synthesis, and theorem proving (Guan et al.,
2025). However, despite these successes, a cru-
cial limitation persists: generalization, which is the
ability of a model to extrapolate to input exceeding
those encountered during training. Generalization
poses a significant challenge for Transformers, rais-
ing questions about whether they truly understand
the underlying algorithms or simply rely on shal-
low shortcuts that break down when faced with

longer or more complex inputs (Anil et al., 2022;
Veličković et al., 2022; Zhang et al., 2023; Dziri
et al., 2023; Bayat et al., 2024). This inability to
generalize to unseen data hinders the development
of robust and reliable AI systems that handle real-
world complexities.

Generalization in Transformers can be viewed
as a form of generalized reasoning about the under-
lying task or understanding of inherent patterns. It
indicates whether a Transformer model has learned
to apply a systematic, algorithmic approach to a
task, rather than merely memorizing specific input-
output examples. Analyzing generalization through
the lens of reasoning offers a valuable perspective
on Transformer capabilities (Elhage et al., 2021;
Olsson et al., 2022). Several studies support this
perspective:

• Zhou et al., 2024 demonstrated that Trans-
formers can achieve length generalization, but
this ability is not always robust. The study
highlights that the success of length general-
ization is heavily influenced by factors like
data format, positional encodings, random
weight initialization, and training data order,
leading to significant variance in performance.
This suggests that while Transformers are ca-
pable of learning generalizable solutions, their
performance is fragile and easily disrupted by
changes in the training environment.

• Zhou et al., 2023 proposed the RASP-
Generalization Conjecture, which suggests
that Transformers demonstrate length gener-
alization when the underlying algorithm can
be easily represented in the RASP program-
ming language. RASP (Recursive Attentive
State Programming Language) is specifically
designed to analyze algorithms that can be
represented by Transformers. This conjecture
implies that the length generalization indicates
a deeper understanding of the task’s structure



rather than just surface-level pattern matching.
The study suggests that if an algorithm can be
written as a short program in RASP-L, then
the Transformer is likely to generalize well to
longer sequences.

• Induction Heads, see (Elhage et al., 2021; Ols-
son et al., 2022), have been proposed as a
mechanism for generalization that facilitate in-
context learning and generalization in Trans-
formers. Induction heads are specialized atten-
tion mechanisms that learn to copy and com-
plete patterns. This suggests a link between
pattern recognition, induction, and the ability
to generalize to new situations or lengths.

In this paper, we aim to provide a framework for
understanding when Transformer models general-
ize or fail to generalize in algorithmic scenarios.
Our principal goal is to define a taxonomy that cap-
tures different levels of generalization and memo-
rization, shedding light on when models truly learn
underlying algorithms versus when they merely
memorize patterns. In doing so, we seek to clarify
the limits of Transformers’ reasoning capabilities
and offer insights into how these capabilities can
be strengthened.

To achieve this, we build upon a wide range of
existing research, incorporating theoretical perspec-
tives and empirical findings to establish a view of
transformer generalization. We examine the im-
pact of critical design considerations, such as po-
sitional encoding strategies, data formats, training
parameter settings, and architectural nuances. To-
gether, these elements interact in complex ways to
determine whether a Transformer develops robust
algorithmic reasoning or tends to memorization.
In addition, we explore foundational algorithmic
tasks as a simple yet effective way to study gener-
alization. By combining rapid model scaling with
well-structured training protocols in these simpler
tasks, we can better identify what leads to success
or failure in Transformer-based models. Founda-
tional algorithmic tasks not only help uncover the
underlying mechanisms, but also provide a broader
understanding of generalization in real-world sce-
narios.

The rest of this paper is organized as follows. In
the Taxonomy Section, we describe our proposed
taxonomy, detailing the dimensions along which
generalization and memorization can be classified
in algorithmic tasks. In the Algorithmic Tasks
Section, we introduce possible simple algorithmic

tasks that help illustrate the specific types of gen-
eralization that we aim to achieve. The Prelim-
inaries Section discusses critical factors such as
positional encoding, data formats, training setups,
and architectural considerations. The Results Sec-
tion presents experimental results, examining the
impact of these factors on one of the length gen-
eralization problems. Finally, the Discussion and
Conclusion Sections summarize our key findings
and outline open questions for future work, under-
lining the need for further exploration of robust,
reasoning-oriented Transformer models that can
reliably tackle the challenges of length and task
extrapolation.

2 Taxonomy
In this section, we introduce a taxonomy that cate-
gorizes the key dimensions affecting Transformer
generalization in algorithmic tasks, including as-
pects such as data distribution, memorization, and
compositional reasoning.

2.1 Length Generalization

Length Generalization refers to a model’s ability to
internalize the underlying algorithmic pattern
of a task, enabling it to extrapolate from shorter
training sequences to longer test sequences. This
tests whether the model has learned the core proce-
dure of the task (e.g., digit-wise addition with carry
operations) rather than relying on surface-level pat-
terns tied to specific input lengths. Success here
implies the model executes the algorithm "mechan-
ically," without needing to reason about the task
structure actively.

Example 1 (Length Generalization)
Training Scenario: The model is trained on

short integer addition problems like:

12 + 23 = 35

Testing Scenario: It must solve longer, unseen
sequences, e.g.:

123456 + 123456 = 246912

This tests whether the model has internalized the
algorithm (e.g., iterating digit-by-digit, handling
carries). If successful, it demonstrates procedural
mastery of addition, not just memorization.

2.2 Compositional Generalization

Compositional Generalization measures a model’s
capacity to actively reason by combining learned



Figure 1: Three types of memorization in regression models trained with different levels of example-specific features
(σϵ). The plots show the Empirical Risk Minimization (ERM)-trained model g(x) = g(xy, ϵ) (solid green line)
versus the true underlying function f(xy) (dashed gray line) and the noisy training examples. In all three cases, the
models are trained until the training loss goes below 10−6 (Bayat et al., 2024).

subroutines in novel ways to solve tasks more com-
plex than those seen during training. Unlike Length
Generalization, it requires the model to structure
its approach dynamically, drawing on abstract rep-
resentations of operations rather than executing a
fixed procedure.

Example 2 (Compositional Generalization)
Training Scenario: The model learns expres-

sions with isolated operations, e.g.:

2× 2 + 2 = 6

Testing Scenario: It must now reason about how
to combine operations in new hierarchies, e.g.:

2× (2 + 2× 2) = 12

Here, the model must infer operator precedence
and nested structure—tasks requiring planning, not
just executing a known algorithm. Success implies
it understands operations as modular tools for rea-
soning.

2.3 Key Distinction between Length and
Compositional Generalization

• Length Generalization reflects algorithmic
internalization: the model applies a fixed pro-
cedure to arbitrary input lengths.

• Compositional Generalization reflects algo-
rithmic reasoning: the model dynamically as-
sembles subroutines into novel workflows.

While overlapping in tasks like addition (where
length and composition interact), they test distinct
capabilities: one tests mastery of a procedure, and
the other tests flexibility in problem-solving.

2.4 Memorization vs. Generalization

Formalizing the interplay between memorization
and generalization is crucial, since spurious corre-
lations can lead to poor generalization when com-
bined with memorization. Memorization can re-
duce training loss to zero, leaving no incentive to
learn robust, generalizable patterns. In Figure 1,
adopted from Bayat et al., 2024, we look into a sim-
ple regression task to understand different types of
memorization and their effects on generalization.

• Good Memorization (Left, σϵ = 10−4):
Model learns the true function f(xy) well but
slightly memorizes residual noise in the train-
ing data using the input example-specific fea-
tures ϵ. This type of memorization is benign,
as it does not compromise generalization.

• Bad Memorization (Middle, σϵ = 10−3):
The model relies more on example-specific
features than learning the true function f(xy),
leading to partial learning of f(xy) and fitting
of noise-dominated input features. This type
of memorization impedes the learning of gen-
eralizable patterns and is considered malign.

• Ugly Memorization (Right, σϵ = 0.0): With-
out example-specific features, the model over-
fits the training data, including label noise,
resulting in a highly non-linear and complex
model that fails to generalize to new data. This
type is referred to as catastrophic overfitting.

3 Length Generalization
In this paper, we focus primarily on Length Gen-
eralization, as this area has seen substantial foun-
dational work (Zhou et al., 2023, 2024; Cho et al.,



2024), enabling clearer formalization of its core
principles. By contrast, Compositional Generaliza-
tion, while a prominent topic in modern research,
often centers on large-scale reasoning models such
as Gemini Thinking, ChatGPT variants (e.g., o1,
o3), DeepSeek-R1, and rStar-Math (Guan et al.,
2025). These models demonstrate impressive per-
formance in algorithmic reasoning tasks, largely
due to training methodologies involving supervised
fine-tuning (SFT) and reinforcement learning with
one of reward policy: Group Relative Policy Op-
timization (GRPO, a variant of Proximal Pol icy
Optimization (PPO)) (Shao et al., 2024), Process
Reward Models (PRMs) (Zhang et al., 2025), or
Monte Carlo Tree Search (MCTS) (Guan et al.,
2025). However, advancements in compositional
generalization tend to emphasize training proce-
dures (e.g., reward shaping or search-based opti-
mization) rather than explaining how models inter-
nally generalize patterns. Furthermore, this field
evolves rapidly, with shifting priorities toward en-
hancing "algorithmic thinking" rather than archi-
tectural interpretability.

Consequently, length generalization provides a
more stable and structured framework for investi-
gating architectural mechanisms in Transformers.
By analyzing how models extrapolate to longer se-
quences independent of training dynamics, we can
better isolate and improve their inherent generaliza-
tion capabilities. Although this approach is usually
tested on small transformer models and does not
scale well to real-world problems in practice, it can
serve as a foundation in the right direction.

Table 1 illustrates the diversity of algorithmic
tasks studied in the literature — ranging from math-
ematical and reasoning tasks such as Addition (Nye
et al., 2021), Polynomial Evaluation, Sorting, Sum-
mation (Saxton et al., 2019), Parity (Anil et al.,
2022), LEGO (Zhang et al., 2023) — this paper
prioritizes addition as a foundational case study
for probing length generalization in Transformers.
We justify this choice as follows:

1. Simplicity and Interpretability: Addition is
a well-defined, deterministic task with min-
imal combinatorial complexity compared to
operations like polynomial evaluation or sort-
ing. Its stepwise nature (e.g., digit-wise pro-
cessing with carry propagation) allows for
granular analysis of how Transformers encode
sequential dependencies and positional rea-
soning.

2. Controlled Scalability: The input length, in
addition algorithmic tasks, can be systemati-
cally extended (e.g., from 5-digit to 10-digit
numbers) without changing the underlying al-
gorithm. This facilitates precise evaluation of
generalization beyond training lengths.

3. Prior Work: Addition has served as a canoni-
cal task in length generalization studies (Zhou
et al., 2023; Cho et al., 2024; Zhou et al.,
2024), enabling direct comparisons with ex-
isting architectural modifications (e.g., posi-
tional encoding schemes, attention biases) and
training paradigms.

4 Preliminaries
Several recent architectural improvements, espe-
cially in position encoding (Kazemnejad et al.,
2023; Ruoss et al., 2023; Wang et al., 2024) and
attention mechanisms (Duan et al., 2024; Dubois
et al., 2020), have been proposed to tackle the
length generalization challenge in arithmetic tasks
using Transformers. However, these modifications
are often limited by their ad-hoc nature or poor
performance on longer sequences. Although scal-
ing model and dataset sizes are known to improve
performance, it might not be sufficient for gener-
alizing to test sequences longer than those seen
during training (Anil et al., 2022). Therefore, in ad-
dition to architectural improvements, data-centric
AI has driven research (Kumar et al., 2024; Mo-
tamedi et al., 2021) to refine data formats to im-
prove the learning quality of Transformers. This
section will review common data formats (Section
4.1) and positional embeddings/encoding methods
(Section 4.2) relevant to length generalization with
a focus on decoder-only Transformers that solve the
tasks using next-token prediction (See Appendix
A for the brief background of decoder-only Trans-
formers)

4.1 Data Formats

The structuring of data plays a role in improving the
length generalization capabilities of Transformer
models by reformatting data into a representation
that facilitates more effective learning. Below, we
provide an overview of the existing methodologies
in this domain.

4.1.1 Reversed Format

Recent studies have demonstrated that reversing the
response in arithmetic problems can substantially
improve both performance and sample efficiency



Table 1: Examples of the input and output of the algorithmic tasks.

Task Type Question Answer

Addition Compute: 53726 + 19177 72903
Polynomial Eval. Evaluate x = 3 in 3x0 + 1x1 + 1x2 mod 10 5
Sorting Sort the numbers: 3,1,4,1,5 1,1,3,4,5
Summation Compute (1 + 2 + 3 + 4 + 7) mod 10 7
Parity Are the number of 1’s even in [1,0,0,1,1]? No
LEGO a = −1; b = −a; c = +b; d = +c. Find c? +1

in neural models. For instance, (Lee et al., 2023)
show that transforming an expression such as

653 + 49 = 702

into its reversed format,
653 + 49 = 207,

allows a decoder-only Transformer to generate
the answer starting from the least significant digit
(LSD) and proceeding towards the most significant
digit (MSD). This reversal mirrors the traditional
algorithm taught in elementary school, where ad-
dition is performed digit-by-digit from the LSD to
the MSD.

Standard arithmetic expressions are typically
written as

A3A2A1 +B3B2B1 = C3C2C1,

where A1 and B1 denote the LSDs. This ordering
poses a challenge for autoregressive models be-
cause they generate outputs sequentially beginning
with the MSD, thus misaligning with the natural
computational process. In contrast, the reversed
format

A1A2A3 +B1B2B3 = C1C2C3

aligns the generation order with the algorithmic
steps of addition. The learning task is thereby sim-
plified to computing a function that depends only
on the two corresponding operand digits and the
carry from the previous addition step (Lee et al.,
2023; Shen et al., 2023; Zhou et al., 2023).

4.1.2 Index Hints

Index hinting is an input augmentation technique
introduced by (Zhou et al., 2023) to explicitly en-
code positional structure into arithmetic tasks. In
this method, index hints are inserted into both the
query and the response. For example, the arith-
metic expression (42 + 39 = 81) is represented
during training and inference as (a4b2 + a3b9 =
a8b1), thereby enabling transformers to execute
indexing via induction heads (Olsson et al., 2022).

4.1.3 Random Space Augmentation

(Shen et al., 2023) investigated how inserting ran-
dom spaces between digits in addition tasks could
disrupt the model’s dependency on fixed positional
cues. Their findings indicate that while the model
successfully generalized from 10-digit to 11-digit
additions, its performance declined when handling
even longer sequences.

4.1.4 Zero-padding

Zero-padding ensures that both operands in a query
have equal lengths and that the response maintains
a fixed length corresponding to the operand length.
In practice, padding an M -digit plus an N -digit
addition with zeros reformulates the problem so
that both operands have max{M,N} digits and the
response has max{M,N}+1 digits. For example,
the expression (653 + 49 = 702) is transformed
into (653 + 049 = 0702) (Cho et al., 2024).

4.2 Positional Embeddings/Encodings (PE)

Transformers’ difficulty in extrapolating to longer
sequences is largely attributed to their positional
encoding mechanisms (Shaw et al., 2018). In the
following section, we examine various positional
encoding strategies, with a particular focus on their
capacity for length generalization.

4.2.1 Absolute Positional Encoding (APE)

APE incorporates positional information into Trans-
former models by assigning each position i a
unique vector pi, which is combined with the token
embedding (typically by addition) before entering
the model. There are two main approaches to gen-
erating these position vectors. One approach uses
a predefined sinusoidal function to produce peri-
odic embeddings that can naturally extrapolate to
unseen positions (Vaswani et al., 2023). The alter-
native is to learn the position embeddings jointly
with the model parameters, as seen in works such
as (Devlin et al., 2019; Brown et al., 2020; Zhang



et al., 2022).
Although APE offers a simple and effective

mechanism for encoding position, both variants
have limitations in generalizing to longer se-
quences. The learned version, in particular, is re-
stricted to a fixed context window, which can hinder
performance on inputs longer than those seen dur-
ing training (Press et al., 2022; Kazemnejad et al.,
2023).

4.2.2 Additive Relative Positional Encoding
(RPE)

RPE enhances the self-attention mechanism by in-
corporating a position-dependent bias into the pre-
softmax attention logits. Originally introduced by
(Shaw et al., 2018), this approach modifies the keys
(and optionally the values) in each attention layer.
T5 further advanced the concept by mapping the
relative distance between tokens to a scalar bias us-
ing a lookup table; this bias is then added to the dot
product of queries and keys (Raffel et al., 2023).

More recent methods build on this idea by
proposing different functions for the scalar bias
b(i, j), which depends on the distance between po-
sitions i and j. For example, Alibi (Press et al.,
2022) subtracts a bias that grows linearly with the
token distance to induce a recency bias, KerpleLog
(Chi et al., 2022) uses a logarithmic function, and
FIRE (Li et al., 2024) employs a learnable MLP-
based function to compute b(i, j). In general, the
modified attention logits can be expressed as:

ARPE(X) = XWQ(XWK)⊤ +B,

where X , WQ, and WK denote the input and
weight matrices for queries and keys, and the bias
matrix B ∈ Rn×n is determined by the function
b(i, j).

4.2.3 Position Coupling

Position coupling assigns position IDs that encode
the structure of a task by leveraging the inherent
grouping of tokens. The method involves two key
steps:

1. Token Partitioning: The input sequence is di-
vided into groups of consecutive tokens where
each token within a group carries a unique se-
mantic meaning. This grouping enables a one-
to-one correspondence between tokens across
different groups that are relevant to the task.

2. Position ID Assignment: For each group,
a sequence of consecutive numbers (typi-
cally positive integers) is assigned as position

IDs, beginning from a random number during
training or a fixed number during evaluation.
Tokens that represent the same significance
across different groups are given the same po-
sition ID (i.e., their positions are coupled).

For example, in a decimal addition task, the ex-
pression 653 + 49 = 702 is transformed (via
reversal and zero-padding) into a format like $653
+ 049 = 2070$. Here, tokens are partitioned into
three groups: (1) the first operand along with the
’+’ token, (2) the second operand, and (3) the ’=’
token together with the sum. Position IDs are then
assigned such that digits with the same significance
across the operands and the sum receive the same
ID. For instance, if the starting position ID is 6,
the operands might be labeled 6, 7, and 8, while
the sum’s digits are labeled in reversed order (e.g.,
5, 6, 7, 8), with non-digit symbols receiving IDs
based on their adjacency to numerical tokens (see
Figure 2).

Figure 2: Position coupling for decimal integer addition
task, displaying 653 + 49 = 702 with appropriate input
formats. The starting position ID ‘6’ is an arbitrarily
chosen number (Cho et al., 2024).

4.2.4 Randomized Position Encoding

(Ruoss et al., 2023) introduced Randomized PE, a
method that enhances traditional positional encod-
ings by sampling from a range that extends beyond
the typical test-time length while maintaining token
order. This training strategy enables Transformers
to adapt to larger positional encodings, thereby ef-
fectively mitigating issues with out-of-distribution
position encodings during testing.

4.2.5 No Positional Encoding (NoPE)

Encoder-only Transformers, such as BERT (Devlin
et al., 2019), maintain invariance to the order of to-
kens even without positional encodings. In contrast,
decoder-only models using causal attention have
been shown by (Haviv et al., 2022) to develop posi-
tional awareness on their own without explicit PE.
Moreover, (Kazemnejad et al., 2023) have recently
demonstrated that, for simple algorithmic tasks,
models without any positional encodings can out-



perform those that employ specialized positional
encoding techniques.

4.2.6 Rotary Positional Encoding (RoPE)

RoPE, as introduced by (Su et al., 2023), incor-
porates positional information into the attention
logits by applying a rotational transformation to
the query and key vectors based on their relative
positions. Although this method is both simple
and effective, its ability to generalize to longer se-
quences remains limited (Kazemnejad et al., 2023;
Press et al., 2022). Extensions like Position In-
terpolation (Chen et al., 2023; Peng et al., 2023)
can extend the context length of RoPE, but they do
not necessarily enhance its generalization perfor-
mance on algorithmic tasks where understanding
the underlying algorithm is critical.

Figure 3: Comparative analysis of PEs and data for-
mats: Unlike most studies that primarily explore APE
or NoPE, (Zhou et al., 2024) method combines FIRE
(Li et al., 2024) with Randomized PE (Ruoss et al.,
2023). All approaches adopt a reversed data format,
except for (Cho et al., 2024), which applies the reversed
format only to the sum of integers, incorporating zero-
padding and position coupling.(Shen et al., 2023) further
improve this format by introducing random space aug-
mentation, while both (Zhou et al., 2023) and (Zhou
et al., 2024) methods leverage index hints to enhance
performance.

5 Results
In our investigation of transformer generalization
on the integer addition task, we observe that the
ability to extrapolate to sequences longer than those
seen during training is highly sensitive to both
the choice of positional encoding and the adopted
data formatting strategy. Standard Transformers
— with conventional absolute positional encodings
(APE) — often fail to generalize beyond the train-
ing range, typically achieving minima extension

(approximately 1×) when evaluated on longer-digit
addition problems (Kazemnejad et al., 2023). In
contrast, several modifications have been proposed
to overcome this limitation.

5.1 Enhancing Generalization via Positional
Encoding and Data Formatting

Recent work by (Zhou et al., 2024) demonstrates
that by carefully tailoring the data format (using a
reversed digit order and explicit index hints (Zhou
et al., 2023)) and incorporating an expressive posi-
tional encoding — namely FIRE (a learned additive
bias function) (Li et al., 2024) — a standard trans-
former trained on addition tasks up to 40 digits
can successfully generalize to 100-digit additions.
This yields an extension ratio of approximately
2.5×. The study shows that the combination of
reversed formatting (which aligns the computation
order with the natural progression of carry propa-
gation (Zhou et al., 2023)) and index hints (which
help the model pinpoint the relevant digit positions
(Olsson et al., 2022)) plays a crucial role in this
improvement.

Similarly, (Jelassi et al., 2023) explore the use of
relative positional encodings. Their findings indi-
cate that for simple tasks such as addition, training
on 5-digit numbers can lead to correct 15-digit com-
putations — implying a roughly 3× extension. The
relative positional framework appears to mitigate
the model’s dependency on absolute token posi-
tions by focusing on the invariant relations between
digits.

5.2 Leveraging Task Structure: Position
Coupling and Structural Symmetry

More aggressive approaches directly embed the
inherent structure of the arithmetic task into the
model’s design. (Cho et al., 2024) introduce the
concept of position coupling, where digits of the
same significance (for example, all least significant
digits across operands) are assigned the same posi-
tion identifier. This modification allows a 1-layer
Transformer, trained on addition problems with
operands ranging from 1 to 30 digits, to generalize
to problems with up to 200 digits—corresponding
to an extension factor of approximately 6.67×. The
theoretical analysis further shows that such coupled
positional representations are necessary for solving
the addition task over exponentially many digits.

In another line of work, (Sabbaghi et al., 2024)
propose explicitly encoding the inherent structural
symmetry of arithmetic problems. By modifying



Table 2: A compact comparison of approaches for improving length generalization in arithmetic Transformers. The
table lists various methods along with their training ranges (in digits), the maximum sequence length to which they
generalize, and the corresponding extension factors, indicating the multiplicative improvement over the training
length.

Approach Training Range Generalizes to Extension Factor

Standard APE (Baseline) Up to 40 ∼40 1–1.125×
FIRE + Reversed + Index Hints Up to 40 ∼100 2.5×
Relative Positional Encoding Up to 5 ∼15 3×
Position Coupling 1–30 ∼200 6.67×
Explicit Structural Symmetry Up to 5 ∼50 10×

the number formatting and designing custom posi-
tional encodings that capture the right-to-left sym-
metry (i.e., aligning digits by their significance),
their method enables a Transformer trained on num-
bers with at most 5 digits to successfully perform
50-digit addition. This approach achieves an im-
pressive 10× extension and emphasizes that when
task-specific structure is explicitly incorporated,
the model can overcome the limitations of conven-
tional encoding schemes.

Table 2 summarizes the key approaches dis-
cussed above along with their main mechanisms,
the training range, and the resulting length exten-
sion factor.

6 Discussion

Collectively, these studies indicate that while a stan-
dard Transformer architecture is prone to overfit-
ting the training length distribution, targeted modi-
fications to positional encoding and data represen-
tation can dramatically boost length generalization.
For example, incorporating task-specific modifica-
tions —– such as reversed token orders, explicit
index hints, and position coupling –— has enabled
models to generalize to lengths 2.5–6.67× beyond
their training range. At the same time, our observa-
tions of the grokking phenomenon (i.e., a sudden
phase change from memorization to generalization;
see (Nanda et al., 2023)) reveal that such improve-
ments come with trade-offs. Many enhanced meth-
ods remain sensitive to initialization and training
order, and the robustness of generalization varies
substantially across different random seeds (Zhou
et al., 2024). Together, these findings underscore
the need for further work on improving stability and
understanding the precise mechanisms by which
structural and representational modifications affect
both memorization and generalization.

7 Conclusion

The summary of this paper, as illustrated through-
out our analysis, underscores the evolving role of
Transformer models in advancing beyond pattern
recognition to algorithmic reasoning. By exploring
the generalization capabilities of Transformers, this
study distinguishes between length generalization
and compositional generalization.

The survey highlights key methodologies that
have been proposed to enhance Transformer length
generalization in the integer addition task, includ-
ing advanced data formatting strategies and spe-
cialized positional encoding techniques. These
approaches, such as position coupling and struc-
tural symmetry encoding, represent incremental
advancements that progressively improve model
performance in out-of-distribution settings.

Despite these advancements, significant research
opportunities remain in improving the robustness
and adaptability of Transformers, particularly in
scaling their generalization to broader, more com-
plex tasks. Transformer-based reasoning is also
extending into new domains, including large-scale
symbolic computation and real-world problem-
solving, requiring novel adaptations to handle dy-
namic and structured data effectively. This expan-
sion highlights the growing practical implications
of Transformer generalization, drawing increasing
attention from both academic and industry sectors.

As research in Transformer-based generalization
continues to evolve, there is a pressing need to re-
fine evaluation methodologies that can accurately
measure reasoning-oriented extrapolation. Estab-
lishing rigorous and representative benchmarks
will be essential in fully capturing the contributions
of these models to AI research and their potential
for real-world deployment.



8 Limitations
Despite the comprehensive analysis presented in
this paper, several limitations must be acknowl-
edged:

• Task Scope: Our survey primarily focuses on
controlled algorithmic tasks –— such as inte-
ger addition —– to illustrate the challenges of
Transformer generalization. While these tasks
provide clear insights into the mechanisms
of length and compositional generalization,
they may not fully capture the complexities
encountered in real-world applications.

• Emphasis on Length Generalization: Al-
though our taxonomy differentiates between
length and compositional generalization, the
discussion and empirical focus have largely
centered on length generalization. The dynam-
ics of compositional generalization, particu-
larly in the context of large-scale reasoning
models, require further in-depth exploration.

• Sensitivity to Experimental Settings: Many
of the techniques reviewed, including specific
data formatting strategies and positional en-
coding modifications, are sensitive to factors
such as random initialization, training order,
and hyperparameter choices. This sensitivity
may limit the reproducibility and robustness
of the reported improvements across diverse
settings.

• Evolving Landscape: The field of Trans-
former research is rapidly evolving. New ar-
chitectural innovations and training method-
ologies continue to emerge, which may not
be fully captured in our current analysis. Fu-
ture work will need to continuously update the
survey framework to integrate these advance-
ments.
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A Decoder-Only Transformer
Architecture

The decoder-only Transformer is an autoregressive
model designed to predict each new token based
on the tokens observed so far. Its key feature is
the use of causal masked self-attention, which pre-
vents the model from accessing future tokens in the
sequence. This ensures that predictions are based
solely on current and past information, making the
model suitable for next-token prediction tasks such
as language modeling.

Each decoder layer in the architecture is usually
composed of two main components:

1. Masked Self-Attention: Enables the model
to attend only to preceding tokens and itself,
ensuring the causal property required for au-
toregressive modeling.

2. Feed-Forward Neural Network (FFN): Ap-
plies a position-wise nonlinear transformation
to enhance the expressiveness of token repre-
sentations.

During training, the model uses teacher forcing,
where ground-truth tokens are provided as inputs
at each step. The training objective is to minimize
the cross-entropy loss between the predicted token
probabilities and the actual tokens in the sequence.

The addition example in Figure 3 illustrates how
this architecture can be applied to sequence predic-
tion tasks, highlighting the step-by-step generation
of the output tokens.

B Taxonomy

B.1 Data Distribution

Data Distribution classifies the degree to which
a model’s learned representations and decision
boundaries remain valid under conditions that de-
viate from the training distribution. In algorithmic
tasks, this dimension is particularly critical when
inputs vary in length, structure, or domain, as shifts
in these aspects often reveal the difference between
memorization and generalizable knowledge.
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Figure 4: Schematic representation of a decoder-only
Transformer. Each input token embedding is processed
through a stack of decoder-only layers, consisting of
masked self-attention and feed-forward neural network
(FFN) sub-layers. The architecture generates output rep-
resentations for each token, with a linear layer followed
by a softmax function computing the probabilities of
the next token in the sequence.

• In-Distribution (ID) Performance: Assesses
how well a model performs when the evalu-
ation data closely matches the training set in
terms of length, format, or domain. High ID
accuracy can be achieved through memorized
patterns, so it does not by itself guarantee ro-
bust extrapolation.

• Out-of-Distribution (OOD) Performance:
Evaluates the model’s ability to handle in-
put distributions that differ significantly from
training such as much longer sequences, unfa-
miliar data formats, or novel domains. Strong
OOD performance is a key indicator of true
algorithmic understanding, instead of depend-
ing on superficial patterns or memorized ex-
amples.

B.2 Scratchpads / Chain-of-Thought (CoT)

Scratchpads and Chain-of-Thought (CoT) prompt-
ing enable models to express their reasoning
through intermediate computational steps. While
beneficial for both generalization types, they pri-
marily enhance compositional generalization by
providing explicit ground for novel combinations
of learned operations. For length generalization,
scratchpads help manage positional dependencies

(e.g., tracking carries in long addition via induc-
tion mechanism (Zhou et al., 2023)), but extend an
already internalized algorithm. In contrast, compo-
sitional tasks leverage CoT to dynamically struc-
ture solutions — for instance, breaking nested
arithmetic expressions into executable sub-steps.
This explicit step-by-step reasoning mimics human
problem-solving strategies, transforming abstract
capability into verifiable algorithmic reasoning.
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